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Abstract. In this paper, we investigate the mixed monotone operators of
a new type in a Cartesian product of a Banach space with an order de-
termined by a normal cone. We establish suﬃcient conditions for such
operators to have a unique ﬁxed point and provide monotone iterative
techniques which give sequences convergent to the ﬁxed point. We also
apply the obtained results to prove the existence and uniqueness of a so-
lution of a nonlinear integral equation.
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1. Introduction and preliminaries
The history of mixed monotone operators goes back to 1987 when Guo and
Lakshmikantham [3] ﬁrst obtained results concerning the application of non-
linear operators via coupled ﬁxed points. Since then, many theorems in this
ﬁeld have been proved and many new applications have been presented; see,
e.g., [2, 5, 4, 6, 1, 8]. It is also worthy to mention the recent paper [7] by
Zhao, where he deﬁned the e-concave-convex operator and investigated the
existence and uniqueness of a ﬁxed point for the operator of this type in
the context of an ordered Banach space with diﬀerent types of a cone de-
termining the order. Zhao presented also the application of e-concave-convex
operators to obtain the existence and uniqueness of a solution for a certain
class of integral equations. Consequently, he improved the results of Wu and
Liang [6].
The concept of the present work is twofold. First, we introduce a new
concept of (e, u)-concave-convex operator, being a natural development of
the operators investigated in [6, 7], show some of its useful properties and
ﬁnally state a ﬁxed point result for such operators. In the second part of the
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paper we present the application of the ﬁxed points of (e, u)-concave-convex
operators to a certain general class of nonlinear integral equations.
For the sake of convenience, ﬁrst, we recall some useful notations and
deﬁnitions.
Throughout the paper, E is a real Banach space with a cone P ⊂ E.
A cone P determines the partial ordering in E: for u, v ∈ E, u ≤ v if and only
if v − u ∈ P . A cone P is said to be normal if there exists N > 0 such that
for each u, v ∈ E, θ ≤ u ≤ v, we have ∥u∥ ≤ N∥v∥. Denote P+ = P − {θ}.
In [6] Wu and Liang considered the following set:
Ce = {x ∈ E : αe ≤ x ≤ βe for some α, β > 0}, e ∈ P+,
and investigated a t − α(t) mixed monotone operator, i.e., the operator




) ≥ λα(λ)A(u, v) for all u, v ∈ P, 0 < λ < 1,
where 0 < α(λ) < 1 for all λ ∈ (0, 1). The authors obtained ﬁxed point results
for such operators.
Next, Zhao [7] considered the e-concave-convex operator, i.e., the map-




) ≥ λ(1 + η(u, v, λ))A(u, v),
where η(u, v, λ) > 0 for all u, v ∈ Ce, 0 < λ < 1. In this way, Zhao generalized
the results due to Wu and Liang [6].
Let X ⊂ E, x, y ∈ X and let A : X×X → E be a mapping. A pair (x, y)
is called a coupled quasi-ﬁxed point of A if A(x, y) = x and A(y, x) = y. If
A(x, x) = x, then x is called a ﬁxed point of A. The operator A is called mixed
monotone if x1 ≤ x2, y2 ≤ y1 imply A(x1, y) ≤ A(x2, y), A(x, y1) ≤ A(x, y2),
respectively, for all x, x1, x2, y, y1, y2 ∈ X, i.e., A is nondecreasing in its ﬁrst
argument and nonincreasing in its second argument.
2. The results
First, we introduce a new type of operator and show some of its important
properties.
For e ∈ P+, u ∈ P , u ≤ e put
Ce,u = {x ∈ E : αe ≤ x+ u ≤ βe for some α, β > 0}.
Remark 2.1. Obviously Ce,θ = Ce for each e ∈ P+. Observe that Ce ⊂ P+
for any e ∈ P+, while the set Ce,u need not be even a subset of the cone P for
some e ∈ P+, u ∈ P , u ≤ e. Therefore the sets Ce and Ce,u are of diﬀerent
nature.
Definition 2.1. Let e ∈ P+, u ∈ P . An operator A : Ce,u × Ce,u → Ce,u is
called an (e, u)-concave-convex operator if there exists a mapping
L : Ce,u × Ce,u × (0, 1)→ (0,∞)
such that for all x, y ∈ Ce,u and λ ∈ (0, 1) the following conditions hold:
	 Mixed	monotone	operators	Mixed erators 3
(A1) L(x, y, λ) > λ;
(A2) A(λx+(λ−1)u, λ−1y+(λ−1−1)u) ≥ L(x, y, λ)A(x, y)+(L(x, y, λ)−1)u.
Remark 2.2. Observe that condition (A2) is well deﬁned, i.e., for any x, y ∈
Ce,u and 0 < λ < 1, λx + (λ − 1)u and λ−1y + (λ−1 − 1)u are the elements
of Ce,u. Indeed, taking α1, α2, β1, β2 > 0 such that
α1e ≤ x+ u ≤ β1e, α2e ≤ y + u ≤ β2e,
one can easily see that the following inequalities hold:
λα1e ≤
(
λx+ (λ− 1)u)+ u ≤ λβ1e,
λ−1α2e ≤
(
λ−1y + (λ−1 − 1)u)+ u ≤ λ−1β2e.
Remark 2.3. If we set in Deﬁnition 2.1 u = θ and L(x, y, λ) = λα(λ), where
0 < α(λ) < 1, λ ∈ (0, 1), then we get a t − α(t) mixed monotone model
operator due to Wu and Liang [6]. Moreover, observe also that taking in the
above deﬁnition u = θ and L(x, y, λ) = λ(1+η(x, y, λ)), where η(x, y, λ) > 0,
we obtain the deﬁnition of e-concave-convex operator deﬁned by Zhao [7].
In the last section of the present paper we will show that such more general
operators can be applied to prove the existence of a solution for a certain
class of integral equations.
Proposition 2.1. Every coupled quasi-fixed point of a mixed monotone (e, u)-
concave-convex operator A is a fixed point of A.
Proof. Suppose that (x∗, y∗) is a coupled quasi-ﬁxed point of A. There exists
t0 > 0 such that x
∗ ≥ t0y∗ + (t0 − 1)u. Therefore, a set U of the form
U =
{
t > 0: x∗ ≥ ty∗ + (t− 1)u}
is not empty. Suppose that U ⊆ (0, 1) and put
t˜ = maxU. (2.1)
Since U is closed, we get t˜ < 1. Thus, using (A2), we obtain
x∗ = A(x∗, y∗) ≥ A (t˜y∗ + (t˜− 1)u, t˜−1x∗ + (t˜−1 − 1)u)
≥ L (y∗, x∗, t˜) y∗ + (L (y∗, x∗, t˜)− 1)u,
which gives L(y∗, x∗, t˜) ∈ U . Consequently, (2.1) and (A1) imply
t˜ ≥ L (y∗, x∗, t˜) > t˜,
which is a contradiction. Therefore, there must exist t ∈ U , t ≥ 1, and hence
x∗ ≥ ty∗ + (t− 1)u ≥ y∗.
Using analogous arguments, we show that y∗ ≥ x∗, which gives x∗ = y∗. 
Proposition 2.2. Every mixed monotone (e, u)-concave-convex operator A has
at most one fixed point.
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t > 0: x∗ ≥ ty∗ + (t− 1)u, y∗ ≥ tx∗ + (t− 1)u}.
There exist r0, s0 > 0 such that
x∗ ≥ r0y∗ + (r0 − 1)u, y∗ ≥ s0x∗ + (s0 − 1)u.
Take t0 = min{r0, s0}. We see that D ̸= ∅ since t0 ∈ D. Observe that if
t ∈ D, then t ≤ 1. Thus, due to the fact that D is nonempty, bounded and
closed, we can take
t˜ = maxD. (2.2)
Suppose that t˜ < 1. From (A2) we get
x∗ = A(x∗, x∗) ≥ A (t˜y∗ + (t˜− 1)u, t˜−1y∗ + (t˜−1 − 1)u)











By the same way we obtain
y∗ ≥ L (x∗, x∗, t˜)x∗ + (L (x∗, x∗, t˜)− 1)u. (2.4)











In consequence, by (A1) and (2.2) we obtain t˜ < k ≤ t˜, which is impossible,




(x, y) ∈ Ce,u × Ce,u : x ≤ A(x, y), A(y, x) ≤ y
}
.
Proposition 2.3. If a mixed monotone (e, u)-concave-convex operator A has
a fixed point x∗ ∈ Ce,u, then
x∗ = max
x∈Ce,u
{∃y∈Ce,u(x, y) ∈ F} = min
y∈Ce,u
{∃x∈Ce,u(x, y) ∈ F}.
Proof. First, note that F is nonempty, since (x∗, x∗)∈F . Take any (x, y)∈F .
There exist α1, β1, α2, β2 > 0 satisfying
α1e ≤ x∗ + u ≤ β1e, α2e ≤ A(y, x) + u, A(x, y) + u ≤ β2e.
From the above we know that
rx∗ + (r − 1)u ≤ A(y, x) ≤ y for some r > 0,
sx+ (s− 1)u ≤ sA(x, y) + (s− 1)u ≤ x∗ for some s > 0.
Taking t = min{r, s} we get
tx+ (t− 1)u ≤ x∗, tx∗ + (t− 1)u ≤ y.
Therefore, the set D of the form
D =
{
t > 0: tx+ (t− 1)u ≤ x∗, tx∗ + (t− 1)u ≤ y}
	 Mixed	monotone	operators	Mixed erators 5
is not empty. Moreover, observe that D is bounded. In other case it would ex-
ist a sequence (tn) ⊂ D of positive numbers such that limn→∞ tn = ∞ and
then we would have








Letting n→∞ we obtain x+ u ≤ θ, which is impossible.
From the above and the fact that D is closed, we can put
t˜ = maxD. (2.5)
Obviously, t˜ > 0. Suppose that t˜ < 1. From (A2) and the fact that t˜ ∈ D and
(x, y) ∈ F , we have
x∗ = A(x∗, x∗) ≥ A (t˜x+ (t˜− 1)u, t˜−1y + (t˜−1 − 1)u)
≥ L (x, y, t˜)A(x, y) + (L (x, y, t˜)− 1)u
≥ L (x, y, t˜)x+ (L (x, y, t˜)− 1)u (2.6)
and
y ≥ A(y, x) ≥ A (t˜x∗ + (t˜− 1)u, t˜−1x∗ + (t˜−1 − 1)u)






















In consequence, by (A1) and (2.5) we obtain t˜ < k ≤ t˜, which is impossible
and thus t˜ ≥ 1. Therefore, we get
x ≤ t˜x+ (t˜− 1)u ≤ x∗ ≤ t˜x∗ + (t˜− 1)u ≤ y
and the proof is completed. 
Proposition 2.4. If a mixed monotone (e, u)-concave-convex operator A has
a fixed point x∗ ∈ Ce,u, then for any x0, y0 ∈ Ce,u the sequences
xn = A(xn−1, yn−1), yn = A(yn−1, xn−1), n ∈ N,
satisfy
αn(x
∗ + u) ≤ xn − x∗ ≤ βn(x∗ + u),
αn(x
∗ + u) ≤ yn − x∗ ≤ βn(x∗ + u), n ∈ N,
where αn ↗ 0, βn ↘ 0.
Proof. Let x∗ ∈ Ce,u satisfy A(x∗, x∗) = x∗ and take any x0, y0 ∈ Ce,u. There
exists t1 ∈ (0, 1) such that
t1x
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We set
v0 = t1x





vn = A(vn−1, wn−1), wn = A(wn−1, vn−1), n ∈ N.
Observe that v0 ≤ x∗ ≤ w0 and v0 ≤ x0 ≤ w0, v0 ≤ y0 ≤ w0. Assume that
for k > 1 the following inequality holds:
vk−1 ≤ x∗ ≤ wk−1.
We have
vk = A(vk−1, wk−1) ≤ A(x∗, x∗) ≤ A(wk−1, vk−1) = wk.
By the same way we can show, by induction, the following inequalities:





∗ + (t1 − 1)u, t−11 x∗ + (t−11 − 1)u
)
≥ L(x∗, x∗, t1)x∗ +
(
L(x∗, x∗, t1)− 1
)
u
≥ t1x∗ + (t1 − 1)u = v0.
(2.11)
From (A2), for any x, y ∈ Ce,u and λ ∈ (0, 1), the following inequality holds:
A(x, y) ≤ L(x, y, λ)−1A(λx+ (λ− 1)u, λ−1y + (λ−1 − 1)u)
+
(





∗ + (t−11 − 1)u, t1x∗ + (t1 − 1)u
)






∗ + (t−11 − 1)u, t1x∗ + (t1 − 1)u, t1
)−1 − 1)u






Again, using induction, we obtain, for all n ∈ N,
v0 ≤ v1 ≤ · · · ≤ vn ≤ · · · ≤ wn ≤ · · · ≤ w1 ≤ w0. (2.13)
For each n ∈ N, let us denote
Dn =
{
t > 0: tx∗ + (t− 1)u ≤ vn, wn ≤ t−1x∗ + (t−1 − 1)u
}
.
From (2.11) and (2.12) we have that D1 ̸= ∅. Formula (2.13) implies
Dn ⊂ Dn+1 for all n ∈ N. (2.14)
It is easy to see that each Dn is bounded and closed, thus we can set
αn = maxDn, n ∈ N. (2.15)
From (2.14) we have that (αn) is a nondecreasing sequence. Moreover, observe
that αn ≤ 1, n ∈ N. If αn0 > 1 for some n0 ∈ N, then
x∗ < αn0x
∗ + (αn0 − 1)u ≤ vn0
	 Mixed	monotone	operators	Mixed erators 7
and





that implies wn0 < vn0 which, due to (2.13), is impossible.
In the following we show that limn→∞ αn = 1. Suppose that
lim
n→∞αn = α˜ < 1
and let η > 0 be such that L(x∗, x∗, α˜) = α˜+ η. Then, for all n ∈ N, we have
vn+1 = A(vn, wn) ≥ A
(
αnx















































α˜x∗ + (α˜− 1)u, α˜−1x∗ + (α˜−1 − 1)u, αn
α˜
)
























































α˜−1 − 1)u, α˜x∗ + (α˜− 1)u, α˜) = α˜+ ε.
Taking
θ = min{1 + ε/α˜, 1 + η/α˜},
we get that αnθ ∈ Dn+1. Hence, due to (2.15), we obtain αn+1 ≥ αnθ for all
n ∈ N. Taking n → ∞, we have α˜ ≥ α˜θ > α˜, which is impossible and hence
limn→∞ αn = 1.
	 D.	Wardowski	8 . i
Finally, from (2.10), we get
αnx






















which ends the proof. 





: u, v ∈ [v0, w0]
}
, t > 0, v0, w0 ∈ Ce,u, v0 ≤ w0.
Theorem 2.1. Let E be a real Banach space with a normal cone P , e ∈ P+,
u ∈ P , and let A : Ce,u × Ce,u → Ce,u be a mixed monotone (e, u)-concave-
convex operator. Suppose that there exist v0, w0 ∈ Ce,u, v0 ≤ w0, such that
(i) v0 ≤ A(v0, w0), A(w0, v0) ≤ w0;
(ii) for any ε ∈ (0, 1) there exists δ ∈ (ε, 1) such that inf Gδv0,w0 > 1.
Then A has a fixed point in [v0, w0].
Proof. Denote
vn = A(vn−1, wn−1), wn = A(wn−1, vn−1), n ∈ N.
From (i) we have v0 ≤ v1 ≤ · · · ≤ vn ≤ · · · ≤ wn ≤ · · · ≤ w1 ≤ w0. Since
v1, w1 ∈ Ce,u, there exists t1 > 0 such that v1 ≥ t1w1 + (t1 − 1)u. Denote
En =
{
t > 0: vn ≥ twn + (t− 1)u
}
.
Observe that for each n ∈ N we have
vn ≥ v1 ≥ t1w1 + (t1 − 1)u ≥ t1wn + (t1 − 1)u,
and thus En ̸= ∅. Observe that each En is closed and bounded. Hence we
can put
ηn = maxEn, n ∈ N. (2.16)
If ηn0 > 1 for some n0 ∈ N, then we get
vn0 ≥ ηn0wn0 + (ηn0 − 1)u > wn0 ,
which is impossible. Thus ηn ≤ 1 for all n ∈ N.
Observe that limn→∞ ηn = 1. Indeed, if limn→∞ ηn = η˜ < 1, then
from (ii) there exists δ ∈ (η˜, 1) such that
φ = inf Gδu0,v0 > 1. (2.17)
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Next, for any n ∈ N, we obtain
vn+1 = A(vn, wn) ≥ A
(

































δwn + (δ − 1)u, δ−1vn +
(
δ−1 − 1)u, ηn
δ
)





δwn + (δ − 1)u, δ−1vn +
(




















































= ηnφwn+1 + (ηnφ− 1)u.
(2.18)
From (2.16) we know that
ηn+1 = sup
{
t > 0: vn+1 ≥ twn+1 + (t− 1)u
}
.
Hence, by (2.18), we get
ηn+1 ≥ ηnφ for all n ∈ N.
Taking n → ∞, we obtain η˜ ≥ η˜φ > η˜, which is impossible. Thus ηn → 1,
n→∞.
Now, consider any m,n ∈ N, m < n. We have
vn − vm ≤ wm − vm ≤ wm(1− ηm) + (1− ηm)u
≤ w0(1− ηm) + (1− ηm)u.
From the normality of the cone, we have
∥vn − vm∥ ≤ K(1− ηm)∥w0 + u∥.
From the above we have that (vn) is a Cauchy sequence. Let x
∗ ∈ [v0, w0] be
such that vn → x∗. We have vn ≤ x∗ ≤ wn for all n ∈ N. Thus we get
wn − x∗ ≤ wn − vn ≤ (1− ηn)(w0 + u),
and thus, by the normality of P , we have wn → x∗, n→∞.
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Finally, for any n ∈ N, we obtain
vn+1 = A(vn, wn) ≤ A(x∗, x∗) ≤ A(wn, vn) = wn+1.
Therefore x∗ is a ﬁxed point of A. 
The next theorem is the main result of the paper.
Theorem 2.2. Let E be a real Banach space with a normal cone P , e ∈ P+,
u ∈ P , and let A : Ce,u × Ce,u → Ce,u be a mixed monotone (e, u)-concave-
convex operator. Suppose that the following conditions are satisfied:
(L1) ∀t>0 ∀u1,u2,v∈Ce,u u1 ≤ u2 ⇒ L(u1, v, t) ≥ L(u2, v, t);
(L2) ∀t>0 ∀u,v1,v2∈Ce,u v1 ≤ v2 ⇒ L(u, v1, t) ≤ L(u, v2, t).
Then A has exactly one fixed point x∗ ∈ Ce,u. Moreover, for any x0, y0 ∈ Ce,u,
the sequences xn = A(xn−1, yn−1), yn = A(yn−1, xn−1), n ∈ N, satisfy
∥xn − x∗∥ → 0, ∥yn − x∗∥ → 0, n→∞.
Proof. Since A(e, e) ∈ Ce,u, we can take t0 ∈ (0, 1) such that


































) ≥ L(e, e, t0). (2.21)
Putting v0 = a
+
n0 , w0 = a
−
n0 , we have v0, w0 ∈ Ce,u and v0 ≤ w0. Moreover,
by (A2) and (2.21) we have
















































L(e, e, t0)− 1
)
u










≥ · · · ≥ L(e, e, t0)n0A(e, e) + (L(e, e, t0)n0 − 1)u.
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From the above, by (2.20) and (2.19) we get




u ≥ tn00 e+ (tn00 − 1)u = v0.
Conducting analogous argumentation, we can show that
A(w0, v0) ≤ w0.
Now, observe that for any u, v ∈ [v0, w0] and 0 < t < 1, we have
L(u, v, t)
t








Theorem 2.1 completes the proof. 
The immediate consequence of Theorem 2.2 are the following two corol-
laries.
Corollary 2.1 [7, Theorem 3.1]. Suppose that E is a real Banach space with a
normal cone P , A : Ce×Ce → Ce is a mixed monotone and e-concave-convex
operator. Assume that for any t ∈ (0, 1), η(u, v, t) is nonincreasing with re-
spect to u ∈ Ce, nondecreasing with respect to v ∈ Ce. Then A has exactly one
fixed point x∗ ∈ Ce. Moreover, constructing successively the sequences
xn = A(xn−1, yn−1), yn = A(yn−1, xn−1), n = 1, 2, . . . ,
for any initial values x0, y0 ∈ Ce, we have that
∥xn − x∗∥ → 0, ∥yn − x∗∥ → 0 as n→∞.
Corollary 2.2 [6, Theorem 3.2]. Suppose that E is a real Banach space with a
normal cone P , e ∈ P+, A : Ce×Ce → Ce is a mixed monotone operator. As-
sume that for all 0 < t < 1 and u, v ∈ Ce there exists





) ≥ tα(t,u,v)A(u, v).
If α is nondecreasing in u and nonincreasing in v, then there exists a unique
point x∗ ∈ Ce such that A(x,∗ , x∗) = x∗. Moreover, for any x0, y0 ∈ Ce, con-
structing successively the sequences
xn = A(xn−1, yn−1), yn = A(yn−1, xn−1), n = 1, 2, . . . ,
we have
∥xn − x∗∥ → 0, ∥yn − x∗∥ → 0 as n→∞.
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3. Application
In this section, we apply our results in order to obtain the existence and
uniqueness of a solution for a certain type of nonlinear integral equations.
Let E be the set of all continuous bounded functions on RN . Together
with the norm ∥x∥ = supt∈RN |x(t)|, E is a real Banach space with a normal
cone of the form
P = {x ∈ E : ∀t∈RNx(t) ≥ 0}.
Take any f ∈ P+ and g ∈ P , g ≤ f , g ̸= f .
Consider the following nonlinear integral equation:


















where k : RN × RN → R, αi : RN → (0, 1], βj : RN → (0, 1] are nonnega-
tive and continuous functions, ai, bj ∈ (0, 1), i = 1, 2, . . . , N1, j = 1, 2, . . . ,




) ≤ k(t, s) ≤ η(s)(f(t)− g(t)) for all t ≥ 0, (3.2)
where φ : RN → R and η : RN → R are nonnegative continuous and bounded
functions, φ, η ̸= 0.
Theorem 3.1. Equation (3.1) has a unique solution in Cf,g.








ds− g(t), t ≥ 0,


















Observe that the mapping h is well deﬁned, since taking any s ∈ RN
and x, y ∈ Cf,g there exist α1, α2 > 0 such that
α1f(s) ≤ x(s) + g(s), α2f(s) ≤ y(s) + g(s).
Thus, we get









≥ 0, i = 1, 2, . . . , N1.
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By analogous calculations, we get
βj(s)y(s) + g(s) ≥ 0, j = 1, 2, . . . , N2.
It is easy to observe that A is a mixed monotone operator.





Let x, y ∈ Cf,g. By (3.2) we obtain




























dsf(t), t ≥ 0,
and





















dsf(t), t ≥ 0.
In order to show that A is an (f, g)-concave-convex operator, take any
x, y ∈ Cf,g and 0 < λ < 1. We get
A
(





















































βj(s)y(s) + (1− λ)βj(s)g(s) + λg(s)
]−bj]
ds− g(t),





Since αi(s), βj(s) ≤ 1, i = 1, 2, . . . , N1, j = 1, 2, . . . , N2, s ∈ RN , we have
A
(




























= L(x, y, λ)A(x, y)(t) +
(
L(x, y, λ)− 1)g(t),
where L(x, y, λ) = λr. Note that λr > λ, from which we get that A is an (f, g)-
concave-convex operator.
Finally, observe that (L1) and (L2) hold and, consequently, Theorem 2.2
ends the proof. 
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